A class of 4-dimensional supersymmetric dyonic black hole solutions that arise in an effective 11-dimensional supergravity compactified on a 7-torus is presented. We give the explicit form of dyonic solutions with diagonal internal metric, associated with the Kaluza-Klein sector as well as the threeform field, and relate them to a class of solutions with a general internal metric by imposing a subset of SO(7) ⊂ E 7 transformations. We also give the field transformations which relate the above configurations to 4-dimensional ground state configurations of Ramond-Ramond and Neveu-Schwarz-NeveuSchwarz sector of type-IIA strings on a 6-torus.
I. INTRODUCTION
In theories that attempt to unify gravity with other forces of nature, in particular, effective theories from superstrings, the non-trivial configurations, i.e., topological defects as well as black holes (BH's), provide an important testing ground to address the role of gravity in such theories. Configurations which saturate the Bogomol'nyi bound on their energy (ADM mass) correspond to the ground state configurations within its class. Supersymmetric embedding of such configurations ensures that they are invariant under (constrained) supersymmetry transformations, i.e., they satisfy the corresponding Killing spinor equations. For the above reasons, one refers to such configurations as supersymmetric, and in the case of spherically symmetric configurations, as Bogomol'nyi-Prasad-Sommerfeld (BPS) saturated states.
BPS saturated states within effective (super)gravity theories are of special interest, since they shed light on the nature of non-trivial ground states in such theories. In view of recently conjectured duality [1] [2] [3] between strongly coupled 10-d type-IIA superstring theory and 11-d supergravity (SG) theory compactified on a circle as well as related dualities in other dimensions [4, 5] 1 , e.g., the strong-weak coupling limits of type-IIA string theory compactified on K 3 surface, and the 11-d SG and heterotic string theory compactified on a torus, it is important to have a systematic and explicit construction of all the supersymmetric configurations of the corresponding effective SG theories in different dimensions. Such a systematic study would, in turn, provide a ground work for testing explicitly the conjectured duality symmetries between the corresponding effective (weakly coupled) SG theories and the corresponding strongly coupled string theories in different dimensions, at least at the level of the light (ground state) spectrum of states. The proposed construction of all the BPS saturated states is a monumental task, however, some of its aspects have been addressed for certain types of supersymmetric configurations in certain dimensions [4, 5, 8, 9] .
In this paper, we would like to single out a specific aspect of the proposed study. Namely, we would like to set up an explicit construction of 4-d BPS saturated BH solutions of 11-d SG compactified on a 7-torus 2 . These configurations would, in turn, allow for the testing of the conjectured duality between these states and the light spectrum of the corresponding strongly coupled string theory(ies) in 4-d.
BPS saturated states, corresponding to four-dimensional (4-d), spherically symmetric, static BH solutions, have masses which are related to the electric and magnetic charges of the BH. With the electric and magnetic charges quantized, masses of such BH's are related to the multiples of the elementary electric and magnetic charges. A subset of 4-d supersymmetric BH's within different sectors of effective 4-d SG theories has been already addressed 3 . However, results were primarily obtained in special cases with either non-zero electric or non-zero magnetic charges. In addition, only a subset of scalar fields was turned on 4 .
Recently, progress has been made in finding the explicit form of all the 4-d supersymmetric as well as all the non-extreme BH's in Abelian (4 + n)-d Kaluza-Klein (KK) theory. Those are BH's with the U(1) gauge fields and scalar fields which originate from a (4 + n)-d metric turned on. Supersymmetric BH's consist of n electric charges Q ≡ (Q 1 , ..., Q n ) and n magnetic charges P ≡ (P 1 , ..., P n ) which are subject to the constraint P · Q = 0 [23] . The generating solutions are supersymmetric U(1) M × U(1) E BH's [24] , i.e., dyonic BH's with 1 For a related recent works see Refs. [6] [7] [8] [9] [10] [11] [12] and references therein. 2 Compactification on a 7-torus, i.e., the internal isometry group is Abelian, provides the simplest possible compactification, and thus the first one to be addressed. 3 See Refs. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and references therein. 4 Recently, a general class of electrically charged, rotating BH solutions in the heterotic string theory compactified on a 6-torus has been constructed [20] , and a procedure to construct the corresponding solutions with a general electric and magnetic charge configurations has been spelled out. Supersymmetric limit of the latter configurations, however, has not been addressed, yet.
one electric and one magnetic charges arising from different U(1) factors, which correspond to supersymmetric BH's with a diagonal internal metric Ansatz. All the supersymmetric BH's are obtained by performing the SO(n)/SO(n−2) rotations, which do not affect the 4-d space-time metric and the volume of the internal space, on the generating solution, i.e., the supersymmetric U(1) M × U(1) E solution. The explicit form for all the 4-d, Abelian, static, spherically KK BH's is obtained [25] by performing two SO(1, 1) boosts on the non-extreme U(1) M × U(1) E KK BH and supplementing it by SO(n)/SO(n − 2) transformations.
The aim of this paper is a few fold. First, we provide an explicit construction of 4-d supersymmetric BH configurations which arise from two different sectors of 11-d SG theory compactified on a 7-torus. The first one is the configurations whose charges arise from U(1) gauge fields associated with the 11-d metric (KK BH's). Abelian BH's in the (4 + n)-d KK theory with n = 7 constitute this subset of BH solutions. The second class of configurations are those whose charges arise from the compactification of the three-form field A (11) M N P of 11-d SG. The explicit general construction of the latter configurations, with the scalar fields of the internal metric and the volume of the internal space turned on, constitutes a major part of this paper. In addition, we address the symmetry structure of such configurations and the procedure to obtain an explicit form of all such ground state configurations. The two classes of such solutions provide the initial building blocks to construct all the supersymmetric BH's of 11-d SG on a 7-torus.
Another aim is to address the connection between the strongly coupled states of type-IIA string theory and those of weakly coupled 11-d SG. In particular, we find the explicit field transformations between 4-d solutions of 11-d SG and Ramond-Ramond (R-R) as well as Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector of type-IIA superstring theory compactified on a 6-torus.
The paper is organized as follows. In chapter II, we summarize the properties of 11-d SG theory and its compactification down to 4-d. In chapter III, we study two classes of Abelian charged BH solutions, each of which are associated with KK gauge fields and 3-form U(1) gauge fields, respectively. In chapter III, we discuss the connection between the 11-d SG and type-IIA, as well as heterotic superstring theory, and comment on the strong-weak coupling behavior among such theories. In chapter IV, conclusions are given.
II. ELEVEN-DIMENSIONAL SUPERGRAVITY AND ITS COMPACTIFICATION DOWN TO FOUR-DIMENSIONS
In this section, we summarize the particle content and the effective Lagrangian density of 11-d supergravity (SG) compactified down to 4-d on a 7-torus. The field content of the N=1, d=11 SG is the Elfbein E M , and the 3-form field A (11) M N P . The bosonic Lagrangian density is given by [26] 
where
, R (11) is the Ricci scalar defined in terms of the Elfbein, and F (11) M N P Q ≡ 4∂ [M A (11) N P Q] is the field strength associated with the 3-form field A (11) M N P . The supersymmetry transformation of the gravitino field ψ (11) M in the bosonic background is given by
Ω M AB Γ AB ) ε is the gravitational covariant derivative on the spinor ε,
and
∂ N E
M C ) is the spin connection defined in terms of the Elfbein. Our convention for the metric signature is (+ − − · · · −). For the space-time vector index convention, the characters (A, B, ...) and (M, N, ...) denote flat and curved indices, respectively.
The dimensional reduction of 11-d theory down to 4-d is achieved by taking the KK Ansatz for the Elfbein and a consistent truncation of the other 11-d fields [27] . With the internal space being a 7-torus T 7 ,i.e., the internal isometry group is Abelian, all the fields are independent of the internal coordinates in the zero mode approximation. One can use the off-diagonal part of local Lorentz SO(1, 10) invariance to put the Elfbein into the following triangular form:
where ϕ ≡ ln det e M N P is truncated into the following three types of 4-d fields: 35 pseudo-scalar fields A ijk , 21 pseudo-vector fields A µ ij and 7 two-form fields A µν i . The two-form fields A µν i are equivalent to (axionic) scalar fields ϕ i after making duality transformation. In order to ensure that the fields A µ ij and A µν i are scalars under the internal coordinate transformation
, and transform as U(1) gauge fields under the gauge transformation δA (11) M N P = ∂ M ζ N P + ∂ N ζ P M + ∂ P ζ M N , one has to define new canonical 4-d fields in the following way:
Then, the bosonic action (1) reduces to the following effective 4-d action:
where e ≡ det e α µ , the Ricci scalar R is defined in terms of the Einstein-frame 4-d metric (5) is manifestly invariant under the SL(7, ℜ) target space transformation: 5 The dilaton field ϕ and the internal metric g ij in Eq. (5) are related to the dilaton field ϕ and the unimodular part of the internal metric ρ ij , used in Ref. [24] as ϕ →
and the dilaton ϕ and the 4-d metric g µν remain intact, where U ∈ SL(7, ℜ). The SL(7, ℜ) target space symmetry can be enlarged to the global SL(8, ℜ) symmetry by realizing that 7 scalars ϕ i , which are equivalent to F µνρ i through the duality transformation, The elements of the above enlarged symmetry groups can be used to provide transformations on existing 4-d solutions, thus generating a family of solutions with the same 4-d space-time g µν and dilaton field ϕ, however, with transformed dyonic charges and other scalar fields.
In this paper, we find a class of 4-d, supersymmetric, Abelian solutions where all the scalar fields, except the dilaton and the diagonal components of the internal metric, are set to zero. We primarily concentrate on a subset of SO (7) ⊂ SL(7, ℜ) transformation on these basis solutions in order to construct the most general family of solutions with scalar fields other than the internal metric g ij and the dilaton ϕ turned off. The ultimate goal, however, is to find the generating solutions which, supplemented by a subset of E 7 transformations, would generate all the supersymmetric BH solutions with all the scalar fields turned on 6 . We conjecture that all the supersymmetric BH's of 11-d SG are generated by imposing a subset of E 7 transformations 7 (of the effective 4-d action) on only one type of the generating solution. Such a generating solution would reduce to two separate classes, which are discussed in the next chapter, by taking special limits of charge configurations. On the other hand, in order to generate all the non-extreme BH's, one would have to employ a larger symmetry of the corresponding 3-d effective action for stationary solutions. We speculate that such an enlarged symmetry might be E 8 . 6 Within the context of Abelian KK BH's, such a program has been completed. SO(n)/SO(n − 2) transformations on the U (1) M × U (1) E supersymmetric solutions [24] generate the most general supersymmetric static BH's [23] in KK theory. On the other hand, in order to generate the most general non-extreme solutions [25] , one has to employ a subset of a larger symmetry, i.e., a subset of SO(2, n) ⊂ SL(n + 2, ℜ) transformations, which correspond to the symmetry transformations of effective 3-d action of stationary solutions.
III. FOUR-DIMENSIONAL, SUPERSYMMETRIC, STATIC, SPHERICALLY SYMMETRIC SOLUTIONS OF ELEVEN-DIMENSIONAL SUPERGRAVITY
In this section, we study supersymmetric, static, spherically symmetric configurations arising from two sectors of effective 4-d theory (5):
• The first sector corresponds to configurations with non-zero electric and magnetic charges arising only from gauge fields of Abelian internal isometry group, i.e., KK gauge fields B i µ = 0. We will refer to this class of solutions as supersymmetric "KK BH's".
• The second sector corresponds to configurations with non-zero electric and magnetic charges only from the Abelian gauge fields A µ ij associated with the 3-form field A (11) M N P . We will refer to this class of solutions as supersymmetric "3-form BH's".
Within each class of solutions, we shall obtain the most general solution, with non-zero internal metric g ij and dilaton field ϕ, while the other scalar fields are turned off.
The spherically symmetric Ansatz for the 4-d space-time metric 8 is chosen to be
and the scalar fields depend on the radial coordinate r only. For a particular U(1) gauge field A µ , the non-zero components, compatible with the spherical symmetry, are given in the polar coordinate by
where E(r) = −∂ r ψ(r) ∼ Q r 2 (r → ∞), and P and Q are the physical magnetic and electric charges. Here, the expression for an electric field, i.e., the (t, r) component of the U(1) field strength, in terms of the scalar fields and the 4-d metric components are obtained from the Gauss's law derived from the Lagrangian density (5). The expressions for two types of electric field strengths are given in the following form:
where the physical electric charges are given by
The moving frame is then defined in terms of the Vierbein of the following form:
which yields the metric g µν = η αβ e α µ e β ν defined above. Here, α, β =t,θ,φ,r are flat indices and the flat space-time gamma matrices are ordered in the same manner, i.e., γt = γ 0 , ..., γr = γ 3 .
A. Kaluza-Klein Black Hole Solutions
The first class of solutions corresponds to supersymmetric KK BH's, i.e., U(1) gauge fields are associated with the isometry group of the internal space. In this case, the gauge fields arising from the 3-form field are turned off, along with all the scalar fields, except the internal metric fields g ij and the dilaton ϕ. Then, the Lagrangian density (5) reduces to the 4-d effective Lagrangian density of 11-d KK theory compactified on a 7-torus. The corresponding action has a manifest invariance under SO(7) ⊂ SL(7, ℜ) rotations (see Eq. (6)) with the internal metric coefficients g ij transforming as a symmetric 27 representation of SO (7), and the U(1) gauge fields B i µ as 7 of SO (7). Since 4-d, Abelian, supersymmetric BH's of (4 + n)-d KK theory have been explicitly constructed in Refs. [24, 23] , here, we summarize the results for the special case of n = 7.
With a diagonal internal metric Ansatz, supersymmetric spherically symmetric configurations choose the vacuum where the isometry group of the internal space is broken down to U(1) M × U(1) E , i.e., they correspond to a dyonic configuration with magnetic and electric charges coming from different U(1) gauge groups. The most general supersymmetric spherically symmetric configurations with a non-diagonal internal metric g ij are obtained by imposing the SO(7)/SO(5) rotations on the U(1) M × U(1) E solutions. The charge vectors P ≡ (P 1 , ..., P 7 ) and Q ≡ (Q 1 , ..., Q 7 ) of this general class of supersymmetric solutions are constrained by P · Q = 0, thereby having 2n − 1 = 13 degrees of freedom.
Explicit supersymmetric U(1) M × U(1) E solutions of 11-d SG with the j-th gauge field magnetic and the k-th gauge field electric, and with a diagonal internal metric Ansatz g ij = diag(g 11 , · · · , g 77 ), are given by
where P j∞ ≡ e kk ∞ Q k are the "screened" magnetic and electric charges (here, P j and Q k are the physical magnetic and electric charges of the j-th and k-th gauge fields). The subscript ∞ refers to the asymptotic (r → ∞) value of the corresponding scalar field. The ADM mass of the configuration is given by M = |P j ∞ | + |Q k ∞ |.
For P j = 0 and Q k = 0, 4-d space-time has a null singularity, finite temperature (T H = (4π) −1 |P j∞ Q k∞ | −1/2 ) and zero entropy. If either of P j or Q k is set equal to zero, the singularity becomes naked and the temperature diverges.
B. Three-Form Black Hole Solutions
The second class of solutions is static, spherically symmetric configurations associated with the 21 Abelian pseudo-vector fields A µ ij , arising from the 3-form fields A (11) M N P . In this case, we set the KK gauge fields B i µ equal to zero, as well as all the other scalar fields except those associated with the internal metric g ij and the dilaton ϕ. The corresponding 4-d bosonic effective Lagrangian density is then of the following from:
The bosonic action (11) has again a manifest invariance under the SO(7) ⊂ SL(7, ℜ) rotations (see Eq. (6)) with the internal metric coefficients g ij transforming as a symmetric representation 27 of SO (7), and the U(1) gauge fields A µ ij as an antisymmetric representation 21 of SO (7).
Killing Spinor Equations
The supersymmetric solutions of the above action are invariant under the gravitino transformations (2), which for the above bosonic field content reduce to the following form:
where ω µβγ is the spin-connection defined in terms of the Vierbein e 
ab , I is the 8 × 8 identity matrix and γ 5 ≡ iγ 0 γ 1 γ 2 γ 3 . The above representation (13) is compatible with the triangular gauge form (3) (SO(10, 1) → SO(3, 1) × SO (7)) of the Elfbein. The gamma matrices with more than one index denote antisymmetric products of the corresponding matrices, e.g.,
, and the gamma matrices with curved indices are defined by multiplying with the Vierbein, e.g., γ
µ ≡ e With a choice of spherical Ansätze given by (7) through (9), the Killing spinor equations, which are obtained by setting the gravitino supersymmetry transformation (12) 
where the last equation (18) is obtained from e k d δψ k = 0 and the prime denotes the differentiation with respect to r.
Constraints on Charges
Before attempting to solve the Killing spinor equations, we would like to derive the constraints on charges P ij and Q ij for a general supersymmetric configuration. First, one has to determine, by now, a standard form of the angular coordinate (θ, φ) dependence of the spinors ε m for static, spherically symmetric configurations. One multiplies (15) by γ 1 sinθ and (16) by γ 2 , subtracts the two resultant equations, and multiplies the result by γ 2 , thus yielding the following equation:
which fixes the angular coordinate dependence of the spinors to be Then, the Killing spinor equations (14), (15) and (18), supplemented by (20) , assume the following form:
where P ab ≡ e We are now able to derive constraints on charges P ij and Q ij . These constraints are obtained by ensuring that the gravitino Killing spinor equations (21) and (22), which do not explicitly depend on the radial derivatives of the Siebenbein, are satisfied. After a suitable manipulation 9 of (21) and (22), and using the corresponding anti-commutation relations of γ ab matrices, i.e., {γ ab , γ cd } = 2γ abcd − 2(η ad η bc − η ac η bd ), one arrives at the following set of the first order differential equations 1
and the following constraints on the charge configuration:
as well as the constraint between the upper and lower two-component spinors:
We can find a constraint on charges by analyzing the constraints (25) on the asymptotic values P ab ∞ and Q ab ∞ of P ab and Q ab . Manifest SL(7, ℜ) symmetry, i.e., the rescaling symmetry and the SO(7) rotations, allows one to bring the asymptotic value of the internal metric to the form g ij ∞ = −δ ij , without loss of generality. Thus, the asymptotic value of the Siebenbein can be chosen to be e i a ∞ ≡ δ i a , up to global SO(7) rotations and the rescaling of the radii of the internal coordinates. In the case of e i a ∞ ≡ δ i a , the only charge configurations, which satisfy the constraints (25) , are of the following two types: 9 The manipulation is similar to the one of Ref. [23] .
• The only non-zero charges are P ij = 0 and Q ij = 0, subject to the constraint j P ij Q ij = 0, where i corresponds to a fixed choice of the index.
• The only allowed nonzero charges are (P ij , P ik , P jk ) = 0 and (Q ij , Q ik , Q jk ) = 0, subject to the constraint P ij Q ij + P ik Q ik + P jk Q jk = 0, where i = j = k correspond to a fixed choice of three indices.
The first charge configuration can be transformed, by a subset of SO(6) ⊂ SO(7) rotations, into a form in which the only nonzero charges are P ij = 0 and Q ik = 0, where i = j = k correspond to a fixed choice of the three indices. The second charge configuration can also be transformed, by a subset of SO(3) ⊂ SO (7) rotations, in the same form with only nonzero charges given by P ij = 0 and Q ik = 0. A generating solution is, therefore, the one with one electric charge, say Q ij , and one magnetic charge, say P ik . Thus, the most general supersymmetric configuration can be obtained by imposing a subset of global SO (7) transformations, i.e., SO(7)/SO(3) transformations with 3n − 6 = 15 parameters, on a generating solution with one electric charge, say Q ij , and one magnetic charge, say P ik (2 parameters). Consequently, the most general supersymmetric charge configuration is of constrained one; among non-zero n(n − 1)/2 = 21 electric charges and n(n − 1)/2 = 21 magnetic charges, only (3n − 6) + 2 = 17 are independent.
Supersymmetric Three-Form Black Hole Solutions with Diagonal Internal Metric
Our next goal is to obtain the explicit form of the generating solution with only one magnetic charge P ij and one electric charge Q ik non-zero. This type of solution will be obtained with a diagonal internal metric Ansatz, i.e., the Siebenbein is chosen to be of the form: e k a = diag(e 1 , ..., e 7 ). (27) In this case, the first order differential equations (21) − (23) reduce to the following simplified form:
where Ann ≡ 2Rλ 1 2 ∂ r lnen and the hats on the curved indices denote the corresponding flat indices.
We shall now solve the equations (28) − (33) to get the explicit dyonic supersymmetric solutions with one magnetic P ij and one electric Q ik charges 10 . First, from (30) − (33), we obtain the following relations among Siebenbein components:
whereěˆi ≡ eˆi/eˆi ∞ . Substituting the difference between (30) and (31) into (29), we obtaiň
Making use of (34), we arrive at the relation
Then, the following relation between the 4-d metric components λ(r) and R(r) can be obtained by substituting (28) and (29) into (33), making use of (36):
which can be solved to yield
where the integration constant r H corresponds to the event horizon, i.e., λ(r H ) = 0. This is, again, another standard result for 4-d, supersymmetric, spherically symmetric, static solutions. Furthermore, with the help of (37) we can simplify (28) and (29) to the following forms:
Note the symmetry of the above two equations under the electric-magnetic duality transformation, i.e., Pˆiĵ ↔ −Qˆik and ϕ → −ϕ. By adding these two equations, we obtain the following equation 10 The derivation for supersymmetric as well as non-extreme solutions are along the similar lines as those for U (1) M × U (1) E supersymmetric [24] and non-extreme [28, 29, 25 ] KK BH's.
which is in accordance with a no-hair theorem, i.e., when electromagnetic fields are zero (P ij = 0 = Q ik ) the dilaton field ϕ is constant. The expression relating the 4-d metric component λ and the dilaton ϕ can be obtained by multiplying (39) by η Q Qˆik and (40) by η P Pˆiĵ, followed by addition of the resulting two equations. The resultant equation can be solved to yield
kk ∞ Q ik are the "screened" electric and magnetic charges. Finally, the following ordinary differential equation for ϕ is obtained by substituting (42) into (41) and making use of Eqs. (34) − (38):
Note, again, the symmetry of (43) under the electric-magnetic duality transformation. The explicit solution for the dilaton ϕ is, then, given by
where we have identified r H = 2η P P ij ∞ − 2η Q Q ik ∞ , and chosen the signs of η P,Q so that η P P ij ∞ = |P ij ∞ | and −η Q Q ik ∞ = |Q ik ∞ |. Now, we are ready to write down the explicit supersymmetric BH solutions. Making use of the solution (44) for the dilaton ϕ and the relations (34) − (36) and (42) among various fields, as well as Eq. (18) we obtain the following result for the scalar fields as well as for the Killing spinor 11 :
, 11 Note, the 3-form BH solution has charges which are different from those of KK BH's by a factor of 2 because of a different normalization for the corresponding gauge fields.
where, again,
kk ∞ Q ik . The 4-d space-time of these solutions is the same as the one of supersymmetric U(1) M × U(1) E KK BH's (see Eq. (10)), provided one makes the replacement 2P ij ∞ → P j ∞ and 2Q ik ∞ → Q k ∞ . Thus, the corresponding global space-time and thermal properties are the same.
These supersymmetric solutions saturate the corresponding Bogomol'nyi bound on the ADM mass. The derivation of the bound is along the lines spelled out in Refs. [17, 24] .
Non-extreme 3-Form Black Hole Solutions with Diagonal Internal Metric
We also point out that the corresponding non-extreme solutions can be obtained by solving explicitly the corresponding second order differential equations with a diagonal internal metric Ansatz. Here, we quote the result:
, and β > 0 is the non-extremality parameter. The ADM mass M of the configuration, the Hawking temperature T H , and the entropy S are given by:
The global space-time is that of Schwarzschild BH's, with a horizon at r = r + and a spacelike singularity at r = r + − 2β. The 4-d space-time of the above solution is the same as the one of non-extreme U(1) M × U(1) E KK BH's [28] , with the replacement 2P ij ∞ → P j ∞ and 2Q ik ∞ → Q k ∞ .
Symmetry Tranformations between Kaluza-Klein and Three-Form Black Hole Solutions
Solutions for supersymmetric (see Eq. (45)) and non-extreme (see Eq. (46)) 3-form BH's with a diagonal internal metric bear similarities with the corresponding solutions for supersymmetric (see Eq. (10)) and non-extreme [28] KK BH's. In particular, the 4-d metric g µν and thus the global space-time as well as thermal properties of both types of BH's are the same. This is an indication that the two types of the solutions are related by a discrete subset of E 7 transformation. A discrete symmetry, which transforms the effective action of U(1) M × U(1) E KK BH's into the corresponding one for the 3-form BH's, relates the charges P ij , Q ik and the normalized (diagonal) metric coefficientsǧ
ii ∞ of the 3-form effective action to charges P j , Q k and the normalized (diagonal) metric coefficientš g ii ≡ g ii /g ii ∞ of the KK effective action in the following way:
The above discrete transformation in turn corresponds to a subset of continuous transformations, which preserve the "length" of a combined KK and 3-form "charge vector", and which involve the psueudoscalar field as well 12 .
IV. TYPE-IIA SUPERSTRING THEORY AND ELEVEN-DIMENSIONAL SUPERGRAVITY
In this chapter, we relate the 4-d supersymmetric BH solutions of 11-d SG, which were discussed in the previous chapter, to the corresponding BH's of type-IIA superstring theory compactified on a 6 torus. In particular, we would like to relate the scalar field degrees of 11-d SG, parameterizing the internal space-time, to the string coupling of the type-IIA superstring compactified on a 6-torus, and thus, by virtue of duality between the two theories, obtain information on mass spectrum of strongly coupled type-IIA string compactified on a 6-torus.
The zero slope limit of the type-IIA 10-d superstring theory can be obtained by dimensional reduction of 11-d SG on a circle S 1 [30] . This can be accomplished by choosing the following triangular gauge form for the Elfbein E 
where Φ corresponds to the 10-d dilaton field in NS-NS sector of the superstring theory, e 
with
where e (10) ≡ det e (10)α µ , R is the Ricci scalar defined in terms of the Zehnbein,
, and εμ 1 ···μ 10 ≡ εμ 1 ···μ 10 11 . The ferminoic sector in 10-d contains Majorana gravitino ψμ and fermion ψ 11 that come from the 11-d gravitino ψ (11) M , i.e., ψ (11) M = (ψμ, ψ 11 ). These spinors can be split into two MajoranaWeyl spinors of left-and right-helicities.
In order to obtain the effective 4-d action of the type-IIA superstring compactified on a 6-torus, one chooses the following KK Ansatz for the Zehnbein: 13 . In this case, the string-frame 4-d bosonic action for the type-IIA superstring is of the following form: 
where e ≡ det e 
where e E ≡ −det g E µν and R E is the Ricci scalar defined in terms of the Einstein-frame metric g E µν . Since we have turned off the scalar fields associated with the 10-d U(1) gauge field Bμ, thus the internal metric coefficients g m7 of 11-d SG, the SO(7) symmetry among 7 KK gauge fields and among 21 3-form gauge fields, separately, breaks down to the SO(6) symmetry, which do not mix the gauge fields of RR and NS-NS sectors. The RR sector consists of one KK gauge fieldB µ , which transforms as a singlet of SO(6), and fifteen 3-form U(1) gauge fieldsĀ µ mn , which transform as 15 antisymmetric representation of SO (6) . The NS-NS sector consists of six KK gauge fieldsB m µ and six 3-form U(1) gauge fieldsĀ µ n , each of them transforming as a 6 vector representation of SO(6).
14 . Given two classes (10) and (45) 14 In order to have the full manifestation of the SO(7) symmetry of 11-d SG in the BH solutions of type-IIA superstring, the scalar fields which are associated with the 10-d U (1) gauge field Bμ has to be included. 15 : , respectively, while charges associated with the 3-form fields all scale as e −σ∞/6 . We would also like to comment on the symmetry between the solutions with gauge fields originating from the NS-NS sector, i.e., KK gauge fieldsB m µ and the U(1) gauge fieldsĀ µ m originated from the 10-d 2-form Aμν. That is to say, NS-NS sector of the zero-slope limit of type-IIA string compactified on a 6-trous, which is the same as the zero-slope limit of the corresponding heterotic string with gauge fields in the left-moving sector turned off, has the SO(6, 6) target space symmetry. This symmetry transformations transform the six KK gauge fieldsB m µ and the six 2-form U(1) gauge fieldsĀ µ m , along with the internal metric g mn and the corresponding pseudo scalar fieldsĀ mn , while leaving the 4-d space-time metric and the 4-d dilaton φ intact. In fact, a discrete subset of SO(6) transformations exchanges KK gauge fields and the 2-from U(1) gauge fields in the NS-NS sector, and transforms the internal metricḡ mn into its inverse (ḡ −1 ) mn [31] , thus relating the Type-KNN and Type-HNN solutions. This discrete symmetry generalizes the duality between H-monopole solution and KK solution in 5-d superstring [21] . Ultimately, one would like to address the full U-duality symmetry E 7 , which relates all the above solutions. 15 Note, that for a special case with eitherP m = 0 orQ n = 0, the result reduces to a solution first found in Ref. [21] , and it is related to H-monopoles of heterotic string [15, 17] .
V. CONCLUSIONS
We discussed two separate classes of 4-dimensional (4-d), supersymmetric, dyonic, spherically symmetric, black holes (BH's) in 11-d supergravity (SG) compactified on a 7-torus. The first class of solutions is associated with 7 U(1) gauge fields B i µ (i = 1, · · · , 7) of the Elfbein, i.e., Kaluza Klein (KK) BH's, and the second class of solutions is associated with 21 U(1) gauge fields A µ ij (i = 1, · · · , 7, i < j) originated from the 3-form field A (11) M N P , i.e., 3-form BH's. Within each class, we found the supersymmetric solutions in the case where among scalar fields only those associated with the internal metric of a 7-torus are turned on.
The general supersymmetric KK BH's are obtained by imposing global SO(7) rotations on supersymmetric solutions with a diagonal internal metric, and with one magnetic P j and one electic Q k charges coming from different KK gauge fields. The general supersymmetric 3-form BH's are similarly obtained by imposing the SO(7) rotations on supersymmetric solutions with a diagonal internal metric, and with one magnetic P ij and one electic Q ik charges associated with the corresponding two 3-form U(1) gauge fields. Both types of solutions, therefore, have constrained charge configurations.
We have also related the above solutions to the corresponding solutions in the RR and NS-NS sectors of type-IIA superstring compactified on a 6-torus. We related the ADM masses of these solutions to the screened charges from the gauge fields in the RR and NS-NS sectors. These screened charges scale with the asymptotic string coupling in accordance with the analysis is Refs. [1, 10] . In addition, the scaling of the screened charges (of KK and 3-form U(1) gauge fields in the RR and NS-NS sectors) with the asymptotic value of the volume of the 6-torus are also given.
The two classes of solutions, i.e., the one arising from KK gauge fields and the one from 3-form U(1) gauge fields have the same 4-d metric. Thus, we infer that there exists a larger T-duality (or U-duality) transformation (∈ E 7 ), which does not affect the 4-d space-time of configurations, that relates the two classes of configurations. In particular, we found a discrete transformation which relates the two classes of supersymmetric solutions with a diagonal internal metric. Such a larger duality symmetry contains, as a subset, the SO(6, 6) target space duality symmetry of the NS-NS sector of type-IIA superstrings compactified on a 6-torus, whose discrete subset transforms KK and 2-form U(1) gauge fields in the NS-NS sector into one another. Thus, this larger T-duality symmetry reduces to SO(6, 6) T-duality of type-IIA superstring with the RR sector turned off, or equivalently, to the SO(6, 6) Tduality symmetry of the heterotic superstring with gauge fields of the left-moving sector turned off.
The ultimate goal is to find the generating solution which, supplemented by a subset of E 7 transformations, would generate all the supersymmetric BH solutions with all the scalar fields turned on. Subsets of E 7 transformations on the generating solution with a particular choice of charge configurations would in turn yield various classes of solutions which are discussed in this paper. In that manner, one would arrive at a unified picture [9] of all the 4-d, supersymmetric, spherically symmetric BH's in (type-IIA and heterotic) string theory; different classes of BH's associated with different types of U(1) gauge fields are just the generating solutions viewed in different reference frame of T-duality.
